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Periodic and wave-like solutions in non-linear lattices
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Abstract. We consider a lattice system described by a set of non-linear differential equations,
and we discuss how general lattice properties and/or symmetries can allow the reduction
of this problem to a lower-dimensional one, and possibly grant the existence of periodic
or wave-like solutions.

We consider a system of lattice (non-linear) differential equations, i.e.

& =f(A; 8) (1)

where a is a multi-index, a = (ay, @,, ..., ay), witha; =1,..., m;, and each component
is an s-dimensional real vector describing an ‘elementary site’ in the lattice; & = £(t)
is then an N-dimensional (N =sm,m,... my) real vector, and f:R” xR" >R" is
assumed to be a non-linear sufficiently smooth (e.g. C™ or polynomial) function. Here,
A € R? is a real p-dimensional control parameter, introduced in order that the discussion
should also include dependence on physical parameters, bifurcation problems, and/or
possible phase transitions, and so on.

We want to discuss how general lattice properties and/or symmetries can allow
the reduction of this problem to a lower-dimensional one, and possibly grant the
existence of periodic or wave-like solutions.

For definiteness, we consider periodic lattices, i.e. @ € Z¢ but such that if o =
(..., 0t my, ..., a,)then £, = £, ; however, our considerations would be easily
extended to infinite lattices.

Let us first consider, for ease of notation, d =1, i.e. a one-dimensional lattice, and
let us impose periodic boundary conditions, say &,., = £, (so we deal with a chain of
m sites, N = sm). Clearly, if the sites are equivalent, then f is ‘equivariant’ under the
shift operator (m x m block matrix)

0 0 e I
I 0 ces 0
a 0 1 0 e 0
S= (2)
0 0 0 . 0
K - 1 0]
where I is the s-dimensional identity matrix, i.e. it satisfies
Sf(r; ©)=1(a; 8¢) 3)
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which means in this case that

f:x()‘; fls §2’ Ty §m)=fa+1(/\; §m3 fh 52’ A} §m—1) (3’)

for each a=1,...,m, with f,..,=f.

We now generalise this isotropic case by assuming that there is a connection between
the ath and the (a +1)th site, described by a set of m real invertible s X s matrices
K. :R{,y» R{4+1), such that K, K, ;... K, =1

1 2 3 a a+1 m - (1) )

(with the periodicity condition at the ends, i.e. K,,,: R(,ny=> R(;y) in such a way that the
global problem (1) obeys the following equivariance (or covariance) conditions

Rf(x; &)=f(r; Ké) (5)
where
K 0 K,
K, 0 0
K=]0 K, 0 0
0 0 0 0
| 0 K,y 0]

which equivalently expresses, generalising (3'), the following relationship between
adjacent sites:

K JfuAs €L, 6,0 En) = farr(As Kb, K&, Kby ooy K 1Emey) (6)

(with frur1=11).

It is now easy to see that, putting
=K, E=K:Kiéy ..., En=Kn... Ki& (7

all the m subsystems become equivalent to the unique s-dimensional problem concern-
ing a single site

én =filds &, Kb, ) =0(A5 €). (8)

Before discussing this reduced system, let us see how this procedure can be extended
to multidimensional, d > 1, lattices. Consider first a planar rectangular lattice: the
sites can be labelled by two indices &£,5=£&,5(t) with « =1...,m; B=1,...,n,
N = smn, and assume that there is a ‘horizontal’ connection H operating on each row
in a similar way as in the linear case, and a ‘vertical’ connection 14 operating on each
column. Precisely, in order to be as general as possible, we assume the existence of



Letter to the Editor L811

a net of linear transformations, operating according to the following scheme:

wf-1 . a
9)

B-1 (a+1) (8)
vy HZY vy

[ ] [ ]
a+tl,B-1 a+1,8

where each dot represents a s-dimensional site, each Hy” and V{ are sxs real
invertible matrices, and the periodicity conditions

fa,n+1=fa1 (a=1,...,m) §m+1,5=fl/3 (B=1,---,")
are assumed.
We also require

HPH®, .. H{Y=1 a=1,...,m

vEeEye L vP =1 B=1,...,n (10)
and the following ‘compatibility conditions’, emerging from (9):

VEH, = HE=DVED, (1)
Writing the global N-dimensional system as a set of mn (s-dimensional) subsystems

ész=faﬁ(’\;fll""aflna§2l"--9'-'a§mn) (12)

the equivariance under H and Vis respectively (no sum over a, B8)
H(Ba)faﬁ(A; glly rrrg ety gmn)
=fa,B+1(A; H(nl)fln, H(ll)fn, ces H(nl-)—lfl,n—l,
X H§|2)§2n, teraes Hglm)gmm s H(nri)lgm,n—l) (13)
V&B)ﬁzﬁ(’\; Eirsevnsees Emn)
=fa+1,B(A; V(nll)gmla V(n2|)§m2, et V(ll)gll [ V(rr’:llfm—l,n)
or, in global notation,
Hf(A; €)= f(A; HE) VI(A; &) =f(A; VE). (14)
It is not difficult to extend this scheme to planar lattices with different lattice
symmetry, e.g. for triangular lattices

...1 H(a)

. —-—-—) .
D( )(B/ kﬂ(‘% )(\

a+1 B—IH“'*“ a+1 , B a+1,B+1

As in the rectangular lattice above, (9), the compatibility conditions to be assumed in
this case are

H§HO DB < pO® g = peHe-,
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Similarly, the extension to three-dimensional lattices (crystals), or possibly even to
higher-dimensional structures, is straightforward. As above, the various transforma-
tions are subjected to the condition that the product of transformations along different
paths joining two sites must give the same result. Alternatively, this may be stated by
imposing that the composition of a chain of transformations along any closed path,
must give the identity operator I on the elementary site. It is also clear that it is
sufficient to impose these conditions only on the elementary lattice structure.

Inthe following, for sake of simplicity, we shall refer to the case of planar rectangular
lattices (9).

Even in this case, as for the one-dimensional lattice, one can easily reduce the
original problem to an s-dimensional one. Let us state the result in a theorem.

Theorem 1. Let the global N-dimensional problem (1) satisfy the equivariance require-
ments (14) (or equivalently let (12) satisfy (13)), with conditions (10), (11). Then,
putting for each «=2,...,m,and B=2,..., n:

b= VEL L VPHG L HPHYE, (15)

each subsystem becomes equivalent to the unique s-dimensional problem, referred to
the elementary site,

£1x=ﬁ1(A;§11, H(11)§11,---)E¢(/\§§11) O ROXR° >R, (16)

Let us stress the essential role played in this problem by the equivariance under
A, 1% (or K in the one-dimensional case), in particular for the possibility of reducing
the dimension of the problem; in fact, once H, V, K are given, the subspace specified
by (15), where solutions are to be found, is precisely the invariant subspace under the
cyclic groups generated by these operators (cf also [1-3]).

Note also that (11) implies that

HV=VH
and in addition that one can arbitrarily choose n—1 matrices H§" for each « (the
nth is fixed by (10)) and, e.g., m — 1 in the first ‘column’ of matrices V', the remainder
being determined by (11).

Consider now the reduced problem (16). It is clear that if one is able to find a
solution &= &(#) for it, the solution is extended by means of rule (15) to the whole
lattice. An interesting case would be s =2: then Poincaré-Bendixson theory [4], or
standard Hopf bifurcation results [5] can assure the existence of a periodic solution.
We shall consider this possibility in some detail later.

Another interesting situation occurs if the system is symmetric under some group
G. Given a real s-dimensional representation T of G, we can consider the case

faB(/\; Tflls 512, ey Tgmn) = TfaB(’\; flla 512, sy gmn) (17)
or equivalently
f; Ty =T 6) (17')

where T is the direct sum of mn copies of the representation T. It is natural to assume
in this case (see also [6], however), for each «, B, that

H$ e C(T) VP e C(T) (18)
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where C(T) is the set of matrlces commutmg with T, then, if T is absolutely irreducible,
one has H W =V®H=1and H V are simply the ‘horizontal’ and ‘vertical’ shifts in the
lattice.

It can be noted that, assuming (18), it is sufficient to require that (17) is verified
only for one site, e.g. for fi,; in fact, using (13, 15) one has, e.g., for f;,
ﬂz(A; Tgl]’ MRS B Tgmn)

= H{"fuOs HO) ' T, oo (HYZ) Ty
= H(ll)Tfn()\; (H&I))_lgln, )= Tfi2(A; €150 Emn)
and similarly for any other site.

Again with (18), more interesting situations can appear if T is irreducible in the
real sense but not in the complex one [7], e.g. if T is the standard two-dimensional
representation of the rotation group SO(2), an example which is closely related to the
above-mentioned Hopf bifurcation problem, and which we are going to discuss from
now on.

Let us consider a planar lattlce with s=2, which is symmetric under SO(2)
according to (17), and denote by SH s Sv the horizontal and vertical shifts in the lattice,
i.e. the transformations defined by

H§'=1 VP =1 Va,B.
We then have the following lemma.

Lemma 2. A planar lattice satisfying (17), where T is the standard real two- -dimensional
representation of SO(2), is equivariant (in the sense of (13) (14)) under SH, Sy if and
only if it is equivariant under the transformations Ho, V, defined by

S‘E)=gi(27r/n) VE =RQ2m/m) Va, B
R(6) being the rotation through angle 6.

Proof. Using (13) with Hg” =1, one has, e.g.,
JulAs &, ) =fa(As En, - 0Y)

and, as R, =RQ2n/n)eT,
R f11(A5 €1y oo ) = S12(A; Rebin, 0 )

and similarly for the other sites, which expresses the covariance under I-AIO. Conversely,
assuming (13) with H§ = &, one has

R f11(As E11y -0 ) = S12(A5 Robrn, o) = Rufia(As €m0 )
etc, i.e. the equivariance under §H. The argument is identical for ‘vertical’ transforma-
tions.

The main consequence of this lemma is the following.

Theorem 3. Consider a planar lattice satisfying the assumptions of lemma 2. Then,
once a solution &,(¢) has been found for the reduced two-dimensional problem, there
are for the lattice at least four independent periodic solutions, given by

Eap(t) = &(1)

bup () =[R,1PEo(1) = R(27B/ n) £(1)

bap(1) =[Rn]7E0(t) = R(2ma/ m)€o(2)

£up (1) = [Rm]°[Ra1PEo(1) = R(2m(a/ m+ B/ 1)) &(2).
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The proof of thlS result follows easily from (15), combining the covariance under
SH, Sv and HO, Vo Note the structure of a ‘wave’ travelling horizontally (vertically)
shown by the second (third) solution, and of a ’planar’ wave shown by the last one.
Clearly in the case of a one-dimensional lattice, one finds in this way two independent
solutions.

In order to illustrate the above result for a planar lattice, let us consider explicitly
an example, with a (relatively) few number of components. Let N=12, m=2, n=3,
and let

n=8(A; &2)+h(A; &) élZ=g(A;§l3)+h(/\;§23)
élszg(/\;fxl)+h(/\;§21) 521=g(/\;§22)+h(/\;§12)
f.zz=g(/\§§23)+h()\§§13) §'23=g()\;§21)+h(/\;§11)

where g, h are arbitrary SO(2)-covariant functions.
It is easy to verify that this system satisfies all the above assumptions. Choosing,
for instance,

g(A, x) = Ax+|x[*Jx h(A, x)=Jx+|x|*x

where xR’ A €R, and J=(} 7)), standard Hopf conditions for the existence of a
periodic bifurcating solution are verified for the elementary two-dimensional site, and
the four solutions given by theorem 3 are respectively:

§11=§12=~--=§23=’<C.OS a)t) (i)
sin wt
A=—r w=1+r
cos wt
§“=§21=r(—sinwt>
L <cos(wt+2§r/3)> L (cos(wt+47-r/3))
§2=82= 1 G (Cwrt2m/3) b= =r sin (~wt +4m/3)

(ii)
A ==/3-r(1+V3) w=2+r(1+v3)/2

§11=§12=§13=—§215—§22=—§23=r<f95 wt) (iii)

sin wt

A=r? w=1-r

—¢ r( cos wt)
27\ —sin wt
cos (wt+27/3) ) _ _ (
£i2= fzz-"(sm( —wt+27/3) fn=—§n=r
A=—V3-2r w=1+r*(1+v3)/2.

In this letter, we have intentionally confined our attention to the general aspects
of the problem, without any intention of specific applications, which in fact would

deserve a separate and adequate consideration. Let us just mention that the above
scheme might be suitably applied, for instance, to spin waves, and in particular to

cos (wt+4w/3) ) (iv)

sin (—wt+4m/3)
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Heisenberg-type models with non-linear spin-spin and spin-magnetic field interactions
(as regards the SO(2) symmetric case); it might be applied as well to waves in crystals,
in which case the presence of an external constant magnetic field would break the
global SO(3) symmetry down to SO(2).

A final remark, which could be especially relevant in these applications, is the
following. Even if the problem is non-linear, it is known [8] that, under precise
hypotheses (essentially, some rather general symmetry property, e.g. SO(2) symmetry,
and the existence of asymptotic stable solutions), the asymptotic solutions behave
precisely as solutions of a linear equation: a consequence of this fact is that linear
superpositions of different waves are allowed in this way.

One of the authors (CG) would like to thank Professor O Penrose for a useful discussion.
The work of GG was supported by a CNR scholarship under grant 203.01.48.
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